Known examples of manifolds which admit metrics of positive (sectional) curvature are rare when compared with nonnegatively curved examples. In fact, besides rank one symmetric spaces, compact manifolds with positive curvature are known to exist only in dimensions below 25, while to generate new nonnegatively curved manifolds from known ones it is enough, for example, to take products, quotients or biquotients (see [32] for a survey).
Main example. Let m ≤ n and l be nonnegative integers and consider the S 1 -action on SU(2) × S 3 = S 3 × S 3 given by x · (p, (z, w)) = (px l , (x m z, x n w)),
where we regard SU(2) as the group of unit quaternions, p ∈ SU(2), x ∈ S 1 = {e iθ ∈ SU(2)} and (z, w) ∈ S 3 ⊂ C 2 . This action is free whenever gcd(l, m) = gcd(l, n) = 1. Notice that l = 1 if m = 0. As we will see, the quotient N l m,n := (SU(2) × S 3 )/S 1 is diffeomorphic to S 3 × S 2 if m + n is even and diffeomorphic to S 3 × S 2 otherwise. Consider N l m,n as an SU(2)-manifold by defining g · [(p, (z, w))] = [(gp, (z, w))], for g ∈ SU (2) . This action has isotropy groups isomorphic to Z m , Z n and Z gcd(m,n) if m and n are both positive, Z n and SO (2) if n > m = 0 and only one isotropy type (SO(2)) if m = n = 0. If gcd(m, n) is even, the action has ineffective kernel Z 2 and hence it is an effective action by SO (3) . Notice that the actions on N 1 1,1 and N 1 2,2 are free, the actions on N 1 1,1 , N 1 0,2 and N 1 0,0 are linear, and that, to complete the list of all linear actions on S 3 × S 2 , we should include the SO(3)-action induced by the natural inclusion of SO(3) ⊂ SO(4) acting on the first factor.
We point out that N l m,n can also be described as a biquotient in the form
with S 1 embedded as a circle of slope (l, n − m, −n − m) in the maximal 3-torus, and the SU(2)-action on the left in the first factor. Finally, observe that by O'Neill's formula the standard product metric on S 3 × S 3 induces an invariant metric of nonnegative curvature on N l m,n . Throughout this work, unless otherwise stated, G will denote SO(3) or SU (2) and M a simplyconnected compact G-manifold of dimension 5. Our first result is a complete classification of all such nonnegatively curved G-manifolds. Notice that the natural metrics on these manifolds are invariant by the G-action and have nonnegative curvature and that the manifolds can all be written as biquotients.
For positive curvature we have the following partial classification. It is natural to conjecture that in the context of Theorem B only the linear actions on S 5 admit invariant metrics of positive curvature. In any case a complete classification in Theorem B would answer the generalized Hopf conjecture for S 3 × S 2 with non-abelian symmetry.
Theorem B. If the G-manifold M admits an invariant metric with positive curvature, then it is either equivariantly diffeomorphic to S
Theorems A and B will be a consequence of a general equivariant classification of SO(3) and SU(2)-actions in dimension five, a result that is of interest in its own right. We begin with the case without singular orbits. We will see that these actions are pairwise non-equivalent for different choices of the parameter l when gcd(m, n) ≥ 3 by showing that the fundamental group of the fixed point set of the principal isotropy group is isomorphic to Z l . For gcd(m, n) = 1 or 2, the actions on N l m,n and N l m,n are equivalent precisely when l = l modulo mn/ gcd(m, n).
Theorem C. If the G-manifold M does not have singular orbits, then it is equivariantly diffeomorphic to either
Theorem C easily implies the following. The case of G = SO(3) was studied in [18] , although the author missed the equivariant connected sums of S 3 × S 2 with the above SO(3)-action, and did not describe some of the actions explicitly.
For partial results about differentiable classifications, see [22] , [23] , [24] and [25] . In [20] the SO (3) and SU(2)-actions on compact simply-connected 4-manifolds are classified. This paper is organized as follows. In Section 1 we discuss preliminaries and describe the basic examples. In Section 2 we introduce the SU(2)-manifolds N l m,n , prove Corollary 1 assuming Theorem C and prove some results needed for the proof of Theorem C. Sections 3 and 4 are devoted to the proofs of Theorems C and D. In Section 5 we prove Theorems A and B.
Preliminaries
In this section we fix our notation and define some of the objects we will work with. Here G is any compact Lie group not necessarily SO(3) or SU (2) .
If G acts on M we denote by G p = {g ∈ G : gp = p} the isotropy group of the point p ∈ M and by (K) the conjugacy class of an isotropy group K and call it type of K. The Principal Orbit Theorem guarantees that there exists one of smallest type, the principal isotropy group which will be denoted by H. By the Slice Theorem, a neighborhood of an orbit Gp can be describe up to equivariant diffeomorphism by G × K D where K = G p and D is a disk in the normal space to T p (Gp). The linear action of K on D is called the slice representation at the point p.
If H is a principal isotropy group then, dim H ≤ dim K for any isotropy subgroup K of the action. If dim H < dim K then we call K a singular isotropy group. If dim H = dim K and K has more connected components than H, then the group K is called an exceptional isotropy group.
The dimension of the orbit space M/G is called the cohomogeneity of the action. About the orbit space we will need the following basic result (see [4] Every nontrivial subgroup of SO (3) is isomorphic to either the cyclic group Z k , the dihedral group D m , the tetrahedral group T, the octahedral group O, the icosahedral group I, the circle SO (2) or the normalizer of SO(2) in SO(3), which is O(2) (see [31] Section 7.1).
The special unitary group SU(2) can be seen as S 3 ⊂ C 2 , or the unit quaternions, S 3 ⊂ H. For α and β ∈ C with |α| 2 + |β| 2 = 1 we have the following correspondence between the three expressions of an element in SU(2):
The quaternion notation will be generally used for the group SU(2), while the S 3 ⊂ C 2 notation when considering SU(2) just as a manifold. Denoting by φ : SU(2) → SO(3) the 2-fold cover. The subgroups of SU(2) are isomorphic to Z 2k+1 or the pre-images by φ of the subgroups of SO(3) (see [1] §2). Any closed nontrivial subgroup of SU(2) is then isomorphic to Z k , the dicyclic group Dic n , the binary tetrahedral group T * , the binary octahedral group O * , the binary icosahedral group I * , the circle or the Pin(2) group. We introduce here some of the G-actions with G = SO(3) or SU(2) that will appear in our classification.
Example 1. The linear G-actions on S 5 are given by:
(a) A ∈ SO(3) → diag(A, 1, 1, 1) ∈ SO(6) with isotropy groups SO(2) and SO(3).
(b) A ∈ SO(3) → diag(A, A) ∈ SO(6) with isotropy groups {Id} and SO(2).
(c) B ∈ SU(2) → diag(B, 1) ∈ SU(3) with isotropy {Id} and a circle of fixed points.
(d) The representation of SO(3) on R 6 is defined by A · X = AXA −1 where X ∈ R 6 is a 3 by 3 symmetric matrix. The action is by isometries on R 6 with the standard inner product. The isotropy groups are Z 2 × Z 2 , O(2) and SO(3) and the orbit space is a sector of angle π/3 in R 2 . Thus, it induces an SO(3)-action in S 5 with the same isotropy groups and quotient a topological 2-disk with angle π/3 in each of the two fixed points.
Example 2. The linear G-actions on S 3 × S 2 . They are given by the nonequivalent embeddings of G in SO(4) × SO(3).
(a) SO(3) in the first factor. The fixed point set is the union of two copies of 2-spheres, any other point has isotropy SO(2) and the orbit space is diffeomorphic to
(b) SO(3) in the second factor. The unique isotropy type is (SO(2)). It is equivalent to N 1 0,0 .
(c) The diagonal inclusion of SO (3) , that is A ∈ SO(3) → (diag(A, 1), A) ∈ SO(4) × SO(3). The isotropy groups are {Id} and SO (2) . The action is equivalent to N 1 0,2 .
(d) SU (2) in the first factor. The action of SU(2) on S 3 is equivalent to the left multiplication of Lie groups, thus it is free with quotient S 2 . This action is equivalent to N 0 1,1 . Note that this is equivalent to the linear action given by the diagonal inclusion of SU(2) in SO(4) × SO(3), by the classification of fiber bundles over spheres (see, Corollary 18.6 in [28] ). (2)) and SO (3) . If the action is by isometries, the quotient is a flat triangle with vertices the fixed points and each edge corresponds to one of the three distinct embeddings of O(2) in SO(3). It was proved in [18] that this is the unique SO(3)-action on the Wu-manifold up to conjugacy.
Example 5. The SO(3)-action on the Brieskorn variety, B of type (2, 3, 3, 3) . The Brieskorn variety of type (2, 3, 3, 3) can be defined as
In [18] this action is constructed as an example of an SO(3)-manifolds with isotropy types (Z 2 ×Z 2 ), (O(2)) and four fixed points by a process of gluing four open sets and the manifold is identified computing topological invariants. As far as we know an explicit description of the action is not known.
Given two n-dimensional G-manifolds with fixed points, choose Riemannian metrics invariant under the G-actions and consider a small ball of radius r around a fixed point in each manifold. If the isotropy actions of G on the slices of those fixed points are the same, then the actions on the boundaries of the balls are equivalent and we can form a connected sum of the two G-manifolds gluing along those spheres to, possibly, obtain a new G-manifold. Particular examples of this are:
We start with the SO(3)-action on S 3 × S 2 from Example 2 (a). At a fixed point the isotropy representation is given by SO(3)-action on R 3 × R 2 that is standard in the first factor and trivial on the second. We can now take the connected sum of 2 copies of S 3 × S 2 at the fixed points. This provides a connected sum of two fixed 2-spheres, so if we do this for k copies of S 3 × S 2 , we obtain k + 1 fixed 2-spheres. The orbit space of the action is diffeomorphic to a 3-sphere with k + 1 three-disks removed.
The SO(3)-manifolds in Example 6 were overlooked in the classification in [18] .
The isotropy representation around an isolated fixed point of an SO(3)-manifold of dimension 5 must be the unique irreducible one (see Example 1 (d)). The SO(3)-action on S 4 where the connected sum takes place has quotient an interval, so there are exactly two ways to connect the manifolds. In [18] , it is shown that depending on the way that W and B are connected we get distinct SO(3)-manifolds.
The main example
In this section we present the main class of examples of our classifications and prove some of its properties that will be used to obtain Theorem C. The following construction is crucial since it generates all 5-dimensional G-manifolds without singular orbits and most actions with singular orbits for G = SO(3) or SU(2).
Example 8 (Main example). Let m, n and l be nonnegative integers, we assume that m ≤ n and set l = 1 whenever m = 0. Consider the S 1 -action on SU(2) × S 3 given by
where p ∈ SU(2) and (z, w) ∈ S 3 ⊂ C 2 . We regard the SU(2) factor as the group of unit quaternions. Take S 1 = {e iθ } to the inclusion of the circle in both C and H. The quotient
is a manifold whenever gcd(l, m) = gcd(l, n) = 1. It is clear from the sequence of homotopies that the manifold N l m,n is simply-connected.
Proposition 3. The manifolds N l m,n are diffeomorphic to S 3 × S 2 if m + n is even, otherwise they are diffeomorphic to the nontrivial S 3 -bundle over S 2 , denoted by S 3 × S 2 .
Proof. The sequence of homotopies of the principal bundle S 1 → S 3 × S 3 → N l m,n and Hurewicz isomorphism guarantee that
By [8] p. 77 the second Stiefel-Whitney class w 2 = 0 if m + n is even and w 2 = 1 otherwise. So, the result follows from Barden-Smale Theorems, c.f. [2] and [27] .
We will also denote this SU(2)-manifold by N l m,n . This action has the same isotropy structure as the S 1 -action on the second factor S 3 . If the integers l, m and n are nonzero, the isotropy group of the point [(p, (z, w))] is respectively Z m , Z n or Z gcd(m,n) according w = 0, z = 0 or both z and w are nonzero. For convenience we set gcd(0, 0) = 1.
In general, for SU(2)-actions, if the principal isotropy group contains Z 2 as a subgroup, the action is ineffective since Z 2 is normal in SU (2) . Therefore, N l 2m,2n becomes an effective SO(3)-manifold with isotropy groups Z m , Z n and Z gcd(m,n) . Observe that in this case the underlying manifold is diffeomorphic to S 3 × S 2 and l has to be odd.
is the S 1 group that acts on SU(2) × S 3 . Hence, the quotient N l m,n admits an action by SU(2) × (T 3 /∆S 1 ) with kernel generated by (−1, [(−1, 1, 1)]). Notice that if m and n are even then (1, (−1, 1, 1)) ∈ ∆S 1 , so the kernel is Z 2 ⊂ SU(2) and SO(3) × T 2 acts effectively on N l m,n . Otherwise, the ineffective kernel is the diagonal Z 2 in SU(2) × S 1 ⊂ SU(2) × T 2 , thus U(2) × S 1 acts effectively on N l m,n . This proves Corollary 1, assuming Theorem C.
As we pointed out, if lmn = 0, the isotropy types of N l m,n are (Z m ), (Z n ) and (Z gcd(m,n) ). Hence, if m = n, the action has only one isotropy type (Z n ). In particular, we get free actions on S 3 × S 2 when m and n are both equal to either 1 or 2. The SU(2)-manifolds N l 1,1 are all equivalent since there is only one isomorphism class of SU(2)-principal bundles over S 2 (c.f. Corollary 18.6 in [28] ). The same result shows that there are two non-equivalent SO(3)-principal bundles over S 2 , but just one of them is simply-connected, N 1 2,2 , with the free SO(3)-action. Notice that the free SU(2)-manifold N 0 1,1 corresponds to the left multiplication on the first factor of SU(2) × S 2 . If m = n = 0 then l = 1 and the S 1 -action on the first factor reduces to the Hopf action with quotient diffeomorphic to S 2 SU(2)/ SO(2). Thus the SU(2)-action is the natural product on the cosets and has unique isotropy type equal to (SO (2)). On the other hand, if m = 0 < n, then l = 1 again and the isotropy types are (Z n ) and (SO (2)).
Remark 5. We do not obtain new G-manifolds by taking negative integer parameters. In fact, if we regard the S 1 -action on the first factor of SU(2)×S 3 considering SU(2) ⊂ C 2 rather than the unit quaternions, for x ∈ S 1 and (u, v) ∈ SU(2) we obtain the action x · (u, v) = (ux l , vx l ). Therefore, the SU(2)-manifolds N l m,n and N −l m,n are equivalent by switching (u, v) to (v, u). In the same way we can consider the SU(2)-equivariant diffeomorphism f :
The equivalence for n negative is analogous.
Hereafter in this section N l m,n will be denoted by N l n 1 ,n 2 and its elements are now represented by [(p, (z 1 , z 2 ))]. Now we will prove some results that will be crucial to obtain Theorem C. Proposition 6 and Lemma 7 describe respectively the slice representations in the neighborhoods of the exceptional orbits of N l n 1 ,n 2 and the clutching function of the decomposition into two equivariant neighborhoods of the exceptional orbits. The slice representations and the homotopy class of the clutching function arise as invariants to be used in the proof of Theorem C. 
where
Proof. First consider
, and the identification of the boundaries is the trivial one (the identity map). Note that
Now we describe an equivalence between SU(2) × S 1 B j and a certain quotient of SU(2) × D 2 by Z n j . Assume j = 2, the other case being analogous.
with the actions
Denote gcd(n 1 , n 2 ) = d and n j = dq j . Notice that the principal isotropy group
Whenever necessary to make arguments more clear, we will use . , . for the classes in
Proof. Consider the notation introduced in the proof of Proposition 6. First, identify the ele- 
If we see this last element in
Proposition 6 implies that if N l n 1 ,n 2 and N l n 1 ,n 2 are equivalent, then l ≡ ±l mod q 1 q 2 . Indeed, we will see in Theorem 22 that it can be improved to l ≡ ±l mod 2q 1 q 2 if d = 2 and for d ≥ 3, the next result guarantees that the parameter l ≥ 0 itself is an invariant of the action. 
where ζ l = y with arg(ζ) < 2π/l and ξ l = 1. Now defineẑ 1 = ζ n 1 z 1 and z 2 = ζ n 2 z 2 , as a new parametrization for the 3-sphere. Thus S 1 × S 1 S 3 is diffeomorphic to the quotient of S 3 by the
Remark 9. Clearly Proposition 8 only has an assumption on the principal isotropy group, so the fixed point set M H when M is either N 1 0,0 or N 1 0,n is the disjoint union of two copies of a 3-sphere.
Actions without singular orbits and the proof of Theorem C
For the proof of Theorem C we first verify that the quotient is homeomorphic to a two or threedimensional sphere. Then we show that, if the action has only one isotropy type, the circle and cyclic groups are the only possible isotropy subgroups of the action and classify the actions with exactly one isotropy type (SO (2)). We conclude that the action has at most two exceptional orbits and that the pair (H, K) of principal and exceptional isotropy groups must be (
. Then, we use the Slice Theorem to construct M as a union of two neighborhoods of the exceptional orbits and compute the fundamental group of the union to see that only cyclic isotropies can occur for simply-connected G-manifolds. The actions constructed in this way depend on three integer parameters: one comes from the clutching function, while the other two correspond to the isotropy representations around the exceptional orbits. We finish the proof by establishing a one-to-one correspondence between the distinct general actions constructed and the SU(2)-manifolds N l n 1 ,n 2 for n 1 n 2 = 0.
Let us understand the orbit space.
Lemma 10. Let G M 5 be an action without singular orbits. Then either it has only one isotropy type (SO(2)) and M/G S 3 , or the isotropy groups are finite and M/G S 2 .
Proof. By Proposition 2, the orbit space is homeomorphic to a compact, simply-connected 2 or 3-dimensional manifold, possibly with boundary. If the action has only one isotropy type, the quotient is a base space of a fiber bundle, thus it is a simply-connected topological two or three manifold without boundary. In any case M/G is a topological sphere. If the action has exceptional orbits the quotient is two dimensional without boundary. In fact, if the principal orbits have codimension 3, the principal and exceptional isotropy groups have to be H = SO(2) and (2)). Then the orbits are S 2 and RP 2 . But the orbits of maximal dimension are orientable (see [4] p. 188), so there is no cohomogeneity 3 action with exceptional orbits. On the other hand, in the cohomogeneity two case, by Proposition 2 (b), the quotient does not have boundary, so M/G S 2 topologically.
Actions with only one (noncyclic) isotropy type
In this section we show that a simply-connected G-manifold with only one orbit type has isotropy either Z m or SO(2), classifying the actions in the second case. The classification of the actions with only one isotropy type (Z m ) will be done later together with the classification of G-manifolds with exceptional orbits.
For general G-actions with only one isotropy type we have the following:
Proposition 11. There are as many equivalence classes of G-manifolds with only one isotropy type (H) and orbit space M/G S n as elements in π n−1 (Γ H ).
Proof. It is known (c.f. A. Borel [3] ) that given a closed subgroup H ⊂ G, there is a bijective correspondence between the set of isomorphism classes of principal bundles Γ H → P → B, where Γ H = N (H)/H, and the set of equivalence classes of G-manifolds M with unique orbit type (G/H). The set of isomorphism classes of F -bundles over S n is in bijection with π n−1 (F ) whenever F is arcwise connected (c.f. [28] , Corollary 18.6). Now, the proposition follows from the fact that for a Lie group K, the principal K-bundle is determined by the K o -fiber bundle over the same basis, where K o is the identity component of K.
By Proposition 11 the number of G-manifolds with only one orbit type equal to (G/H) and quotient an n-sphere is the order of the (n − 1)-th homotopy group of N (H)/H, where N (H) is the normalizer of H in G. These homotopy groups are presented in Table 1 (see [18] for SO(3) and [1] for SU(2)), for G = SO(3) or SU (2) . Table 1 : Here m ≥ 3 and n is the cohomogeneity of the action, i.e. n = 2 + dim H
The following are the simplest examples.
Example 9. Let H be a Lie subgroup of G and X be a manifold. Define a G-action on (G/H)×X by g · (kH, x) = (gkH, x). This action has unique isotropy type (H) and its orbit space is X.
From Table 1 
Actions with exceptional orbits or unique cyclic isotropy type
In this section we conclude the proof of Theorem C. We will classify the G-manifolds with exceptional orbits and actions with only one isotropy type (Z m ). The latter can be seen as a particular case of the former when the principal and exceptional isotropy groups coincide. The condition of simplyconnectedness imposes strong restrictions on the isotropies (c.f., Proposition 12) and limits the number of exceptional orbits to two (c.f., Lemma 14) . In this situation we can construct M as a union of the neighborhoods of the exceptional orbits using the Slice Theorem.
Proposition 12. If the G-manifold M has exceptional orbits, then the pair of principal and exceptional isotropy types, (H, K), is either
Moreover, exceptional orbits are isolated and H is the kernel of the slice representation of K.
In order to prove Proposition 12 the following will be essential.
The proof of the lemma is a case-by-case analysis on the finite subgroups of SO(3) and SU(2) and will be omitted. We refer to [7] and [31] Section 7.1 for details about these groups.
Proof of Proposition 12.
As observed in Lemma 10 the isotropy groups are finite. Let K ⊂ G be an exceptional isotropy group and consider the slice representation ρ :
with n ≥ 3. So, the pairs (N, K) are determined by Lemma 13.
We claim that H = N . This is clear if K is cyclic. If it is not cyclic then N is an index three subgroup of K and since N ⊂ H K, we get H = N . The slice action of K on R 2 , represented by ρ, only fixes the origin, thus the exceptional orbits are isolated.
The action of the tetrahedral group and the binary tetrahedral group on the linear slice R 2 have kernel D 2 and Dic 4 respectively, since in our cases the principal isotropy groups are normal subgroups of K. So, the effective actions to be considered on R 2 in theses cases are by
Lemma 14. There are at most two exceptional orbits.
Proof. The exceptional orbits in the quotient M/G S 2 (topologically) represent orbifold singularities, in fact, a neighborhood of an exceptional orbit is parametrized by R 2 /Z m with m ≥ 3. It is known that a 2-dimensional orbifold with underlying space S 2 with more than two singularities has nontrivial orbifold fundamental group (c.f. Thurston [29] , p. 304). On the other hand, in our situation, there is an onto map from π 1 (M ) to the orbifold fundamental group of the quotient M/G (c.f. Molino [21] , p. 273 and 274). Therefore, there are at most two exceptional orbits since M is simply-connected. 
A neighborhood of an exceptional orbit G/K is given by
where ϕ :
Since H is only acting on the first factor of the product G × D 2 , we can write
Recall that in all our cases K j /H is a cyclic group, say Z q j . Since ϕ is G-equivariant, it is a bundle map between the fiber bundles
for j = 1, 2. Also here, ϕ is completely determined by the image of the path t → [(H, e 2πit/q 1 )] in ∂A 1 for 0 ≤ t ≤ 1. Notice that if we take t ∈ [0, 1] fixed, the map ϕ becomes a G-equivariant diffeomorphism of G/H on itself, so it is identified with an element κ(t) of N (H)/H, where we can assume that κ(0) = H. Therefore,
Before applying this construction to the cyclic and noncyclic isotropy types we compute the fundamental groups of A j and
is a principal bundle. So, considering the sequence of homotopies of this bundle and of the bundle in (5) we see that H and q j Z are normal subgroups of the fundamental group of A 1 ∩ A 2 and that
We claim that the elements of H and Z in π 1 (A 1 ∩ A 2 ) commute if gcd(q 1 , q 2 ) = 1. In fact, in this case the whole subgroup Z is normal in the fundamental group, therefore, π 1 
We show next that the isotropy groups are cyclic.
Lemma 15. The 5-dimensional compact simply-connected G-manifolds with exceptional orbits only have cyclic isotropy groups.
Proof. By Proposition 12, the pair (H, K) is either (D 2 , T), (Dic 2 , T * ) or both are cyclic. We have
where Z 3 is the quotient K/H. We assume G = SU(2) since SO(3)/ D 2 = SU(2)/ Dic 2 . Note that there are exactly two non-equivalent
Moreover, the clutching function ϕ is trivial since the normalizer N (H)/H is discrete (see Table 1 ).
It is known that T * Dic 2 Z 3 where the Z 3 is generated by w = −1/2(1 + i + j + k) and the Z 3 -action on Dic 2 is the automorphism that cyclically rotates i, j and k (see [7] p. 76). The isomorphism between Dic 2 Z 3 and T * takes (x, w) to xw ∈ T * . So, the action of T * on SU(2)×D 2 , which has quotient
Also, the action of Dic 2 Z on SU(2)×R, which has quotient G/H× Z 3 S 1 is given by (x, a)·(g, s) = (gw −a x −1 , s + 2πc j a/3). Since ϕ is trivial, the induced maps i j * : Dic 2 Z → T * take (x, a) to (x, w ac j ) and it is clear that π 1 (M ) (T * * T * )/ T * is nontrivial when the quotient is provided by the amalgamation property i 1 (x, a) = i 2 (x, a) for all (x, a) ∈ Dic 2 Z and any choice of c 1 and c 2 .
By Lemmas 14 and 15, we only need to consider SU(2)-actions with isotropy types (Z n 1 ), (Z n 2 ) and (Z d ) where d | gcd(n 1 , n 2 ). To avoid ambiguity assume n 1 ≤ n 2 . The SO(3)-manifolds will be just the SU(2)-actions with ineffective kernel Z 2 .
Consider Z n 1 and Z n 2 as subgroups of the same circle parametrized by t → e 2πit ∈ SU(2), using quaternion notation. Let n j = dq j and ξ j = e 2πi/dq j be a generator of Z n j . For the isotropy action in a neighborhood of an exceptional orbit it is easy to see the following.
for some a j with gcd(a j , q j ) = 1 and 0 ≤ a j < q j for j = 1, 2.
Remark 17. The isotropy representation at a point with isotropy Z n j is determined by the number a j . It is well known that two different representations, ρ and ρ : Z m → O(2), are equivalent if and only if ρ = ρ. Notice that they rotate the 2-plane in opposite directions, so A j is unchanged if we consider q j − a j instead of a j in the isotropy representation. However, the orientation of the slice in A j is reversed under this change.
A simply-connected SU(2)-manifold M with exceptional orbits, or with only one cyclic isotropy type, is determined by the isotropies, the parameters a 1 and a 2 , and the clutching function ϕ. The elements a j ∈ Z q j have inverse, say b j = a Conversely, let f :
Assume that the manifolds are both written as above using the Slice Theorem and that f restricted to A 1 is the identity map. Considering ξ j (t) = e 2πit/n j , the clutching functions are
that extends equivariantly to SU(2) × Zn 2 D 2 . Since the slice representation is a parametrization of the orbit space this extension must take the slice (Z d , sξ 2 1 κ 1 (t) and observe that h o (t) does not depend on t since (h o (t), 0) = f ( (Z d , 0) ). So, the path 
Recall our notation ξ j (t) = e 2πit/n j . By Proposition 18 we can assume that the path κ is given by
Thus the homotopy class of ϕ is precisely represented by k. Notice that for µ(t) = e 2πit/dq 1 q 2 ∈ SU(2) and l = b 1 q 2 + b 2 q 1 + kq 1 q 2 the clutching function has the form
which is the same expression as in Proposition 6 by changing l by −l. The sign does not matter for our purposes since N l n 1 ,n 2 = N −l n 1 ,n 2 as observed in Remark 5. The map ϕ has two homotopy classes if d = 2 and depends on the number
Proof. To compute the fundamental group of M , we describe the action of π 1 (SU(2) × Zn 1 S 1 ) on the universal covering SU(2) × R, such that the quotient is A 1 ∩ A 2 = SU(2) × Zn 1 S 1 . Take curves α and β in A 1 ∩ A 2 that are generators of the fundamental group. For each j = 1, 2, we include A 1 ∩ A 2 in the component A j by the inclusion i j and use the π 1 (A j )-action on the universal covering SU(2)×D 2 of A j to regard the loops α and β as elements of π 1 (A j ). Van Kampen's Theorem asserts that the fundamental group of M is the free product π 1 (A 1 ) * π 1 (A 2 ) with relations
, where the maps i j * : π 1 (A 1 ∩ A 2 ) → π 1 (A j ), for j = 1, 2 are induced by i j on the fundamental groups.
The action of the fundamental group
is exactly the orbit space (SU(2) × S 1 )/Z n j . Indeed, since gcd(b 1 , q 1 ) = 1, for any 0 ≤ r < n 1 there are integers u and k with 0 ≤ u < d such that r = uq 1 + kb 1 . So, the Z n 1 -action can be written as
that clearly defines the same quotient as (SU (2
It is convenient to define the loops in SU(2)/Z d × Zq 1 S 1 that generate its fundamental group,
On the other hand, the loop β :
If e j is a generator of Z n j in the free product Z n 1 * Z n 2 , the induced loop (i 1 • α)(t) corresponds to e
That is, i 1 * :
. We need to include the loops α and β in A 2 . To do this we simply use the composition, i 2 , of the clutching function ϕ with the inclusion of SU (2) (1, 1) , so the loop corresponds to e −(b 2 +q 2 k) 2 ∈ Z n 2 . Therefore the map i 2 * takes (α u , β n ) to e (u−kn)q 2 −nb 2 2
. We conclude that the fundamental group of M is generated by e 1 and e 2 with the relations e . From these three identities and gcd(b j , q j ) = 1 we see that
Remark 20. As a consequence of Proposition 19, d = gcd(n 1 , n 2 ) when the SU(2)-manifold is simply-connected. In fact, gcd(n 1 , n 2 , l) = 1 and gcd(b j , q j ) = 1 imply that gcd(q j , l) = 1, therefore gcd(q 1 , q 2 ) = 1. So, the SU(2)-action depends on a triple of integer parameters that belongs to
The proof of the following result is a simple computation, then it will be omitted.
We will show now that the G-manifold M (b 1 , b 2 , k) is equivariantly diffeomorphic to N l n 1 ,n 2 where l = b 1 q 2 + b 2 q 1 + kq 1 q 2 . For the next result recall that we have defined gcd(0, 0) = 1. For d = 2 we know that k ∈ {0, 1} since the homotopy class of the clutching function is defined modulo 2. We use the identity Observe that it is a consequence of the discussion in the proof of Theorem 22 that the manifolds N l n 1 ,n 2 and N l n 1 ,n 2 are equivalent if, and only if, l ≡ l mod 2q 1 q 2 for d = 2. This concludes the proof of Theorem C.
Actions with singular orbits and the proof of Theorem D
For simply-connected compact G-manifolds of dimension 5 with singular orbits the number of orbit types cannot exceed 3, c.f., Lemma 23 below. In Section 4.1 we use a classical result by Bredon [4] , Hsiang and Hsiang [16] and Janich [19] to classify the actions with exactly two orbit types. In Section 4.2 we make a few comments about Hudson's work [18] on SO(3)-manifolds with three orbit types.
The classification of SO(3)-actions on simply-connected 5-manifolds with singular orbits and cohomogeneity 2 was carried out by Hudson in [18] . The actions with cohomogeneity 3 were discussed in the same paper, but the SO(3)-manifolds in Example 6 were overlooked. For the sake of completeness we classify again the SO(3)-manifolds without fixed points since it can be obtained together with the SU(2) case.
The following lemma gives strong restrictions to the possible chains of isotropy subgroups. It is inspired by Lemma 1A in [18] . Sketch of the proof. In general, for a singular point p ∈ M n , if K = G p and k is the codimension of G(p), it is known that the slice action K R k , of the isotropy group K on the tangent space of a slice at p, is a linear action which has the same isotropy structure as the action G M in a neighborhood of p. So the chain of isotropy types (H) ≤ · · · ≤ (K) is possible for a G-action on M only if there is a representation ρ : K → O(k) such that the action ρ(K) R k has the same chain of isotropy types. Now, the proof of a and b follow of a case-by-case analysis in the subgroups of SO(3) and SU(2) and its representations in O(3).
The subgroups of G have dimensions either zero, one or three. If there are three isotropy types and (G) is not one of them, two of them have the same dimension. Since there are no exceptional orbits, there are two one-dimensional isotropy types, say (K) and (K ). Let M (K) and M (K ) be the set of points in M whose isotropy groups belong to (K) and (K ), respectively. Both sets M (K) and M (K ) are submanifolds of M and are projected to the boundary of the disk in the quotient. So there is a point p ∈ M such that in any neighborhood of p there are orbits of type (G/K) and (G/K ), but there is no representation neither of O(2) nor Pin(2) on O(3) with isotropy SO (2) . This shows that if the action has more than two distinct orbit types, then there is a fixed point. It also shows that there is no 5-dimensional G-action with more than three orbit types and the lemma follows.
Actions with singular orbits and two orbit types
The Second Classification Theorem in [4] , p. 257 and p. 331 shows, in particular, that given a contractible topological manifold X with non-empty boundary and two subgroups H ⊂ K of a group G with dim H < dim K, the set of classes of G-manifolds with orbit space X and isotropy types (H) and (K) is in one-to-one correspondence with the quotient
For our purposes an explicit expression for the π o (N (H)/H)-action above is not needed since the groups involved in (10) are quite simple, see Table 2 . Table 2 ) for the number of G-manifolds with exactly two orbit types and quotient a 2 or 3-disk, hence the classification of G-actions with contractible orbit space is complete by showing that we have as many examples as possible. The examples below represent the corresponding enumeration in Table 2 . . Remark 3C in [18] asserts that these examples are not simply-connected for any m. If the orbit space is three dimensional then the quotient is a topological 3-manifold with boundary, c.f. Proposition 2 (c). In this case, the isotropy groups are SO(2) and SO(3) (see Lemma 23) . In a neighborhood of a fixed point, the SO(3) slice action on R 5 is the one with two fixed directions, thus M/G is smooth and has non-empty boundary. When K = G, the Second Classification Theorem guarantees that even for a non-contractible topological manifold X, there is only one class of G-manifolds with isotropy types (H) and (G), and orbit space X. Finally, the next proposition completes the possible orbit spaces for a cohomogeneity 3 action. Proof. Let X be a simply-connected compact 3-manifold with boundary. We claim that the boundary of X is a disjoint union of 2-spheres. In fact, Poincaré duality to the pair (X, ∂X) guarantees that H 2 (X, ∂X) H 1 (X), so from the exactness of the relative homology sequence,
we conclude that H 1 (∂X) = 0. So each connected component of ∂X is homeomorphic to S 2 by the classification of compact surfaces.
The manifold obtained from X by covering each connected component with a 3-disk is simplyconnected compact without boundary, so it is a 3-sphere and the proposition is proved.
Summarizing the discussion above we have the following.
Proposition 25. There is precisely one SO(3)-action (up to equivalence) with isotropy types (SO(2)) and SO(3) with quotient a 3-sphere with k three-disks removed, k > 0.
These actions are precisely those described in Example 6. This concludes the classification of actions with singular orbits and two orbit types. The remaining part of the proof of Theorem D follows from [18] since only SO(3)-manifolds have three isotropy types.
Actions with three orbit types
By Lemma 23, the G-actions with three orbit types have isotropy groups Z 2 × Z 2 , O(2) and SO(3), thus G = SO (3) . So, all these actions have fixed points and the isotropy representation around a fixed point is the irreducible SO(3)-action on R 5 . From this representation it is easy to conclude that the fixed points are isolated and there are at least two fixed points. Hudson [18] showed that if there are exactly two fixed points, it is the linear action on S 5 described in Example 1 (d). If it has three fixed points then the action is equivalent to left multiplication on the cosets of the Wu-manifold W = SU(3)/ SO(3) (see Example 4) . Moreover, there are two SO(3)-manifolds with exactly four fixed points: the Brieskorn variety, B of type (2, 3, 3, 3) , and the connected sum of two Wu-manifolds with the action above. All other examples of SO(3)-manifolds with three orbit types have more than four fixed points. In [18] it is proved that the SO(3)-manifolds with more than two isolated fixed points are connected sums of copies of B and W (see Example 7).
Five-manifolds with nonnegative curvature
In this section we prove Theorems A and B. Theorem B is a consequence of Theorems C and D, by using Frankel's Lemma [9] and the classification of the G-manifolds M with fixed point set with codimension one or two in M/G (c.f., [13] and [14] ). In our context, the following lemma provides a more elementary proof. Proof. If the action has isolated fixed points, then the quotient is a topological 2-disk since the isotropy action in a neighborhood of an isolated fixed point is equivalent to the irreducible SO(3)-representation in SO(5), and thus, the isotropy types are (Z 2 × Z 2 ), (O(2)) and SO(3). The orbit strata of a group action is well known to be totally geodesic (see e.g. [12] ). Hence the boundary of M/ SO(3) consists of a geodesic polygon with n edges and n vertices. The edges correspond to the singular isotropies O(2) and vertices are the fixed points. From the isotropy representation it follows that the angles between the edges are all equal to π/3 (see Example 1 (d)).
By O'Neill's formula the (interior of the) quotient inherits a metric of nonnegative (resp. positive) curvature if M has an invariant metric of nonnegative (resp. positive) curvature. Thus, by the Gauss-Bonnet Theorem, the sum of inner angles of the n-polygon M/ SO(3) is equal to, or bigger (resp. strictly bigger) than π(n − 2). So, n = 2 or 3 if the curvature is nonnegative and n = 2 if the curvature is positive.
Proof of Theorem A. By Theorem D and Section 4.2 the G-manifolds with more than 3 isolated fixed points are k W # l B with (k, l) = (1, 0) (since SO(3) W has exactly 3 fixed points). So, by Lemma 26 they do not admit invariant metrics with nonnegative curvature.
The connected sum M of k copies of S 3 × S 2 (see Example 6) has quotient X diffeomorphic to S 3 with k + 2 three-disks removed. If M admits a metric of nonnegative curvature, then X with the induced metric also has nonnegative curvature. As follows from the proof of the Soul Theorem [6] , a compact nonnegatively curved manifold X with non-empty convex boundary contains a totally geodesic compact submanifold Σ without boundary and Σ is a deformation retract of X. In our case dim Σ = 0 since X is not a disk. Also, dim Σ = 1 since X is simply-connected. Thus Σ is a simply-connected surface and a neighborhood of Σ is diffeomorphic to S 2 × (−1, 1) . Using the flow of the gradient like vector field in the proof of the Soul Theorem it follows that ∂X has two connected components. Therefore, k = 0 and only S 3 × S 2 with the linear SO(3)-action on the first factor admits an invariant metric of nonnegative curvature.
On the other hand, all the other actions in Theorems C and D, i.e., the linear actions on S 5 and S 3 × S 2 , the SO(3) or SU(2) left multiplication on the cosets in W, and N l m,n clearly admit an invariant metric of nonnegative curvature.
Proof of Theorem B. We restrict ourselves to the actions in Theorem A. By Theorems C and D, the G-manifolds diffeomorphic to S 3 × S 2 are N l m,n and the SO(3)-manifold in Example 2. This last one has quotient X diffeomorphic to a 3-sphere with two 3-disks removed, thus its soul is homeomorphic to a 2-sphere and by the Soul Theorem X cannot be positively curved. So neither S 3 × S 2 admits an invariant metric of positive curvature. Also, the SO(3)-action on W has three fixed points (see Example 4), and therefore does not admit an invariant metric of positive curvature by Lemma 26.
We finally observe that N l m,n with gcd(m, n) ≥ 3 does not admit a metric of positive curvature. In fact, by Proposition 8 the fixed point set of the principal isotropy group Z gcd(m,n) has two connected components of dimension three and by Frankel's Lemma [9] in a positively curved manifold M n the sum of the dimensions of two totally geodesic submanifolds cannot exceed n. It is also clear that the fixed point set of the SO(3)-manifold N 1 0,0 is the disjoint union of two 3-spheres, thus also cannot admit metric of positive curvature.
Remark 27. Using standard arguments of equivariancy it can be shown that for fixed m and n with gcd(m, n) = 1 or 2, only 3 of the manifolds N l m,n are candidates to admit positive curvature.
